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Abstract 

We study the large time behavior of non-negative solutions to the singular diffusion 
equation with gradient absorption 
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forp c := 2N/(N+l) <p<2 andp/2 < q < q* := p-N/(N+l). We prove that there 
exists a unique very singular solution of the equation, which has self-similar form and 
we show the convergence of general solutions with suitable initial data towards this 
unique very singular solution. 
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1 Introduction and results 



The aim of the present paper is to study the large time behavior of non-negative solutions 
to the following equation with singular diffusion and gradient absorption: 

d t u - A p u+ \Vu\ g = 0, (t,x) <G Qoo := (0, oo) x R N , (1.1) 

for p c := 2N/(N + 1) < p < 2 and p/2 < q < := p - N/(N + 1). We consider only 
non-negative initial data 

u(0,x) =u {x), x£R N , (1.2) 

under suitable decay and regularity assumptions that will be specified later. Equation (jl.ip 
presents a competition between the effects of the two terms: one term of singular diffusion 
A p u := div (| Vu\ p ~ 2 Vu) , which in our case is supercritical (that is, p > p c = 2N/ (N + 1)) 
in order to avoid extinction in finite time, and another term of nonlinear absorption de- 
pending on the gradient | V7i| 9 . Due to this competition, interesting mathematical features 
appear in some ranges of exponents p and q. 

The qualitative theory of (jl.ip for general exponents p and q developed very recently; 
indeed, while there are many (even classical ones) papers on nonlinear diffusion equations 
with zero order absorption, covering almost all possible cases, the study of the gradient 
absorption proved to be much more involved and brought a bunch of very interesting 
mathematical phenomena, some of them having been the subject of intensive research 
in the last decade. As expected, the first results were obtained in the semilinear case 
p = 2, where the asymptotic behavior for q > 1 has been identified in a series of papers 
[HE El El 121 13 [20]. Finite time extinction was shown to take place for q € (0, 1) [E1E1120] 
while the critical case q = 1, in spite of its apparent simplicity, is still far from being fully 
understood: only some large-time estimates are available [10] but no precise asymptotics. 
Passing to the p-Laplacian is a natural step, and for the slow-diffusion case p > 2, the 
exponent q = p— 1 proved to have a very interesting critical effect, as an interface between 
absorption-dominated behavior and diffusion-dominated behavior [31 [28], while itself gives 
rise to a critical regularized sandpile-type behavior, as shown recently in |24j . A natural 
next step was then to pass to the study of the fast-diffusion case 1 < p < 2, where the 
authors made important progress recently in understanding the decay rates and typical 
self-similar profiles \22\ 123], In particular, finite time extinction was shown to take place 
when (p, q) ranges in (p c , 2) x (0,p/2) and in (l,p c ) x (0, oo) while diffusion is likely to 
govern the large time dynamics when (p,q) € (p C; 2) x ((/*,oo). The intermediate range 
(p,q) € (p c , 2) x (p/2,g*) features a balance between the diffusion and absorption terms 
and is the focus of this paper. 

From now on, we restrict ourselves to the following range of exponents: 

pe(p c ,2) and ge(|,?*J, (1.3) 

and we set 

«:=^->0, 13:= q ~ P+1 >0 and r, := \ >0, (1.4) 

2q — p 2q — p N[p — 2)+p 

the positivity of r\ being a consequence of p > p c . We also observe that, thanks to (|1.3|) . 

a-Nf>=( N + 1) ( q -- q) >0. (1.5) 
2q-p 
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In order to state the main result concerning the large-time behavior, we recall a special 
category of solutions to (jl.ip . that are called very singular solutions. These are solutions 
to (jl.ip with an initial trace at t = more concentrated at the origin than a Dirac mass, 
thus justifying the name. The precise definition is given in Definition 14. II at the beginning 
of Section HJ 

The name very singular solution has been introduced in [T3] for the heat equation with 
absorption of order zero. After this first paper, many other very singular solutions for 
diffusion equations with absorption terms were constructed, see [151 EH [2SJ EH [331 ES] and 
the references therein. For (jl.ip . we have established in [231 Theorem 1.1] the existence and 
uniqueness of such a very singular solution to (jl.ip , under the more restrictive hypothesis 
of radial symmetry and self-similarity. We recall this result for the reader's convenience 
as Theorem 14.21 below. For the moment, let us denote this unique radially symmetric, 
self-similar very singular solution by U with 

U(t, x) := t- a fu(xt-P), (t, x) G Qoo. (1.6) 

The main result about large time behavior is the following: 

Theorem 1.1. Let uq be a function such that 

u eL 1 (R N )r\W 1 ' oo (R N ), u >0, u £ . (1.7) 

and 

lim \x\ a/l3 u (x) = 0. (1.8) 

\x\— >oo 

Then, the following large time behavior holds true: 

lim t a \\u(t) - U(i)||oo = 0, (1.9) 

t— ¥00 

where U is the unique radially symmetric self-similar very singular solution to (jl.ip intro- 
duced in (jl.6p . 

In order to prove Theorem II, lj several steps are needed, some of them being also very 
interesting by themselves. A very important element of the proof is identifying the possible 
limits as t — > oo, that we can prove to be very singular solutions in the sense ofDefinition l4.il 
by viscosity techniques. Thus, the circle will be closed by the following general uniqueness 
result. 

Theorem 1.2. There exists a unique very singular solution to (jl.ip in the sense of Defi- 
nition \4-l\ In particular, this solution is radially symmetric and in self-similar form and 
it coincides with U . 

This theorem is an important extension of [23L Theorem 1.1], where the uniqueness of 
a very singular solution is established under the extra conditions of radial symmetry and 
self-similar form. An interesting by-product of Theorem 11.21 is a comparison principle for 
the elliptic equation 

-A p v + \Vv\ q -av-/3x-Vv = 0, x G R^, 

under suitable conditions as |x| — > oo. For a precise form of the statement, we refer the 
reader to Theorem 14 . 1 5 1 b elow . 
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On the way to proving Theorem II. 2\ we found out that a theory of the Cauchy prob- 
lem associated to (jl.ip with non-negative and bounded measures as initial data had to 
developed. We thus prove an interesting result of well-posedness for (jl.ip for such initial 
data which extends to p G (p c , 2) the existing one for the semilinear case p = 2 [6J [11] but 
holds true only if the singular diffusion equation dtv — A p v = in Qoo is well-posed in this 
setting. However, this issue seems to be still an open question for general non-negative 
and bounded measures but the answer is positive for Dirac masses which is exactly what 
is needed for the proof of Theorem 11.21 

Theorem 1.3. Consider a non-negative bounded Borel measure uq G Ai^(M, N ). If the 
singular diffusion equation 

dtv — A p v = in Qoo , 
v(0) = u in R N , 

has a unique solution v G C([0, oo); Ai^(R N )) n C{Q oa ), then there exists a unique non- 
negative function u G C(Q oc ) which is a viscosity solution to (jl.ip in Qoo and satisfies 

lim / ip(x) u(t,x) dx = / ip(x) duo(x) (1-10) 
Jr n Jr n 

for any bounded and continuous function ip G BC(K N ). Moreover, u(t) belongs to L 1 (R N )D 
W 1 ' 00 ^) for allt>0 and satisfies 

K*)||i <M := / du Q (x), (1.11) 

JR N 

as well as the following estimates 

|Kt)||! +t"l«(t)|| 0O <C S (M ), (1.12) 

and 

llVu^Hoo < C S (M ) (l + t -(N+l)v } ( L13) 

where C s G C([0,(X))) is a positive function depending only on N , p, and q. 

The proof of this theorem is technical and quite involved, as usual when dealing with mea- 
sures, since the lack of regularity does not allow to apply some of the standard techniques. 
In particular, Theorem 11.31 also implies the existence and uniqueness of a fundamental 
solution with any given mass M > to (jl.ip , as it is explained at the end of Section [3j 

Organisation of the paper. We collect in Section [2] many technical results and estimates 
needed in the sequel, in the form of separate lemmas. These include: a rigorous definition 
of viscosity solutions, decay estimates, estimates on the tail of the solution at sufficiently 
large times, and estimates of the solutions for small times, which are useful tools for 
identifying the initial trace. We agree that this section is a bit technical, but this allows us 
to state more clearly the main ideas and steps in the proofs of our main results. A reader 
who is not so interested in technical details could skip this part and admit the technical 
lemmas, or come back to it later. 

Section [3] is devoted to the proof of Theorem [L3j The proof is divided into two steps: we 
first construct a solution to (jl.lj) by classical approximation arguments. We next proceed 
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to show the uniqueness of the solution which is actually the main contribution of this 
section. We then pass to the proof of Theorem 11.21 which occupies almost all Section 0] 
and is divided into several steps: we first construct a maximal and a minimal element in 
the class of the very singular solutions to (jl.ip . Then, we find that these two solutions are 
identical, by identifying both of them with the unique radially symmetric and self-similar 
very singular solution U, and we end up with the proof of the comparison principle for the 
associated elliptic equation. We end the paper with the proof of Theorem 11.11 to which 
Section [5] is devoted. It relies on the half-relaxed limits technique and is rather short, since 
most of the needed technical facts were already done in previous sections. 

2 Well-posedness and decay estimates 

In this section, we collect previous results on the well-posedness of (jl.ip as well as some 
qualitative properties of the solutions. Let us first recall the notion of solutions we use 
throughout the paper. 

2.1 Viscosity solution 

As in our previous works \22\ [23] , a suitable notion of solution for equation (|l.ip is that of 
viscosity solution, which is useful in dealing with the gradient term. Due to the singular 
character of (jl.ip at points where V« vanishes, the standard definition of viscosity solution 
has to be adapted to deal with this case |25 j l26 j l3T)]. In fact, it requires to restrict the class of 
comparison functions [25] ED]. More precisely, let T be the set of functions / £ C 2 ([0, oo)) 
satisfying 

/(0) = /'(0) = f(0) = 0, f"(r) > for all r > 0, lim \f'(r)\^ 2 f"(r) = 0. 

r— s-0 

For example, f(r) = r a with a > pj (p—1) > 2 belongs to T . We then introduce the class A 
of admissible comparison functions if> defined as follows: a function if) £ C 2 (Qoo) belongs to 
A if, for any (to, xq) € Qoo where S/if)(to,xo) = 0, there exist a constant 5 > 0, a function 
/ £ T, and a modulus of continuity oj £ C([0, oo)), (that is, a non-negative function 
satisfying uj(r)/r — > as r — > 0), such that, for all (t, x) G Qoo with \x — xq\ + \t — fo| < S, 
we have 

\ip(t,x) - i/j(t ,x ) - d t ^(t ,x )(t - t )\ < f(\x - x \)+u)(\t - t \). 
With these notations, viscosity solutions to (jl.ip are defined as follows [25 ], [26 ] [30]: 

Definition 2.1. An upper semicontinuous function 'n : Qco — ^ M is o viscosity subsolution 
to (jl.ip in Qoq if, whenever if) £ A and (to,xo) £ Qoo are such that 

u(t , x ) = if) (t , x ), u(t, x) < if)(t, x) for all (t, x) £ Q oa \ {(t ,x )}, 

then 

( d t if)(to,x ) < A p if)(t ,xo) - \Vif)(t ,x )\ q ifVif)(t ,x ) + 0, 
\ d t if)(t , xo) < */ \/if)(t , xo) = 0. 

A lower semicontinuous function u : Qoo —> K is a viscosity supersolution to (jl.ip in 
if, whenever if) £ A and (to,xo) £ Qoo are such that 

u(t , x ) = if) (t , x ), u(t, x) > if)(t, x) for all (t, x) £ Q oa \ {(t ,x )}, 
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then 

dtip(t Q , x Q ) > A p i/}(t Q , x ) - | V^(io, x Q ) \ q if Vif)(t , x Q ) + 0, 
d t ijj{t ,x ) > ifVip(to,x ) = 0. 

A continuous function u : Qoo — > R is a viscosity solution to (jl.ip in i/ it is a viscosity 
subsolution and supersolution. 

A remarkable feature of this modified definition is that basic results about viscosity solu- 
tions, such as comparison principle and stability property, are still valid, see [30j Theorem 
3.9] (comparison principle) and [301 Theorem 6.1] (stability). The relationship between 
viscosity solutions and other notions of solutions is investigated in [26]. From now on, by 
a solution to we mean a viscosity solution in the sense of Definition 12.11 above. 

With this notion of solution to (jl.ip . we have the following well-posedness result |22j 
Theorem 6.2]. 

Proposition 2.2. Assume thatuQ is a function satisfying the conditions (jl.7p . Then there 
exists a unique non-negative function u E C([0,oo) x M. N ) which is a viscosity solution to 
CUE) in Qoo and satisfies u(0) = u . In addition, u(t) G L 1 (R JV ) n W 1 ' 00 ^) for each 
t > and u is also a weak solution to - (|1.2[) in the following sense: 

[ (u(t,x) -u(s,x))tp(x)dx + I [ (\Vu\ p ~ 2 Vu-Vip + \Vu\ q tp) dxdr = 0, (2.1) 

for any < s <t < oo and e C^{R N ). 

As usual for homogeneous parabolic equations, the radial symmetry and monotonicity are 
preserved, as the following result states. 

Lemma 2.3. Ifuo satisfies (|1.7p and is radially symmetric and non-increasing with respect 
to \x\, then the same properties hold true for u{t), for any t > 0. 

Proof. The radial symmetry of u(t) for positive times t > follows readily from the 
rotational invariance of (jl.ip and the well-posedness of (jl.ip . Next, we can write u(t,x) = 
u(t, \x\) = u(t,r), and it satisfies 

d t u -{p- l)\d r u\ p - 2 d 2 r u - ^—!-\d r u\ p - 2 d r u + \d r u\ q = 0. 

r 

At a formal level, it is clear that the zero function is a solution to the equation satisfied 
by d r u (which can be derived by differentiating the above equation for u), and the claimed 
monotonicity follows from the comparison principle since d r UQ < 0. Thanks to the unique- 
ness of solutions to (jl.ip . this argument can be made rigorous by standard approximations, 
as in [22]. □ 



A classical property of parabolic equations is that a modulus of continuity in space entails 
a modulus of continuity in time. In that direction, we have the following result which can 
be proved as |18j Lemma 5]. 

Lemma 2.4. Consider an initial condition uq satisfying (|1.7j) and let u be the correspond- 
ing solution to (jl.ip - (jl.2p . Assume further that there are r > and A > such that 
\\^ u (t)\\oo < ^4 for all t € [r, oo). Then there is C2 > depending only on N, p, and q 
such that 

\u(t,x) -u(s,x)\ < C 2 \{l + A) \t-s\ l,2 + A q \t-s\] , t>s>r. (2.2) 
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2.2 Decay estimates 

We next recall temporal decay estimates in L 1 (M Ar ) and W l,oc (R N ) which are consequences 
of the analysis performed in [22] and depend on the behavior of the initial data as \x\ — > oo. 

Proposition 2.5. Assume that uq satisfies (jl.7p and denote the corresponding solution to 
(|l.ip - (|1.2p by u. Then there is a constant C > depending only on N , p, and q such that 

|Vu(t,x)| < C (\\u{s)\\^ ap + {t - S y 1/p ^j {u(t,x)) 2/p , 0<s<t, x€R N . (2.3) 

In addition, if M is such that M > ||tio||i, then the estimates (|1.12|) and (|1.13|) hold true 
with C S (M) instead of C s (Mq). 

Proof. The estimate (|2.3p is a straightforward consequence of [22\ Theorem 1.3 (i) & (ii)], 
while (|1.12|) follows by comparison with the solution v to the diffusion equation 

dtv-A p v = in Qoo, (2.4) 
v(0) = u in R N , (2.5) 

see |17| for instance. Indeed, we obviously have u < v in Qoo by the comparison principle 
and, since p > p c , we deduce from \17\ Lemma III. 6.1 &: Theorem III. 6. 2] (with r = 1 and 
R = oo) that 

IK<)||l < C and ||u(*)||oo < C \\uoWf 1 t~ Nri (2.6) 

for t > 0. Finally, (fTTTBD readily follows from <^ (with s = t/2) and (fTT^ . □ 

For initial data decaying sufficiently fast as \x\ — > oo, faster temporal decay estimates 
were also supplied in |22| Theorem 1.2], which are only valid when p and q satisfy (|1.3p . 

Proposition 2.6. Assume that uq satisfies (jl.7p as well as 

< u {x) < k \x\~ a/ P , xeR N , (2.7) 

for some n > 0, and denote the corresponding solution to (|l.ip - (jl.2p by u. Then there is 
a constant K K > depending only on N , p, q, and k such that 

t Q -W||ix(t)||i +i Q |Ki)||oo +t a+ P\\Vu{t)\\ 00 <K K , t>0. (2.8) 

The precise dependence of K K on the parameters is not stated in \22\ Theorem 1.2 (i)] 
but can be recovered by inspecting the proofs of [221 Theorem 1.2 (i) &: Lemma 5.1]. 

2.3 Small time estimates 

The previous decay estimates allow us to analyze precisely the behavior of solutions to (jl.ip 
for small times, a fact which will be of utmost importance when considering non-smooth 
or even singular initial data. 

Proposition 2.7. Assume that uq satisfies (jl.7p and denote the corresponding solution to 
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(a) Let ip € Cq°(M n ) and T > 0. If M is such that M > \\uq\\i, there exists a constant 
C(M,T) > depending only on N, p, q, M , and T such that, for t € (0, T), 



(u(t,x) — uq(x)) ijj(x)dx 



<C(M, T) 



t (j V +i)(,.-,)„ + || VV ,|| t i/ P 



(2.9) 



(b) Let tp G C^°(]R Ar ) &e a non-negative function such that ip(x) = for x € B r (0) for 
some r > 0. If tto satisfies (|2.7p /or some k > 0, i/iere exists a constant C(n,r) > 
depending only on N , p, q, k, and r such that, for t > 0, 



u(t, x) il>(x) dx < / uq(x) ip(x)dx + C(K,,r)\\Vil)\\ p /(2-p) t 1/p . (2.10) 



Proof. Case (a). Let ^ € C^(R N ), T > 0, and t e (0,T). It follows from J2U) that 



(u(i, x) — uq(x)) tp(x) dx 



(2.11) 



:/ / (|Vn(s,x)| p - 1 |VV(a?)| + |Vu(s,x)| 9 */j(x)) dxds. 



To estimate the gradient terms in the right-hand side of (|2.11|) . we first notice that 
and (|1.12p give for (s, x) € Qoo 



\Vu{s,x)\ < C it (| 
< C(M) \ s - 
Now, we infer from (fTT2j) and (|232"j) that 

|Vn(s,x)| 9 |^(x)| dx <C(M) 
<C(M) 

Observing that 



1/ap + s -v, 

oo 

Nr]/ap i 



(n(s,x)) 2/p , 
(u(s, x)) 2 ^ p . 



(2.12) 



g -qNri/ap , g ~q/p 



^/a + s -((A r +l)9-A r )'?" 



1 _ ^ = ( iV + iX*?* - q)pv 

a p — q 

1 - ((JV + 1)5 - iV)?? ={N+ l)(q* - q)r] > 

by (|1.3p . we integrate the above inequality over (0, i) and obtain 

\Vu(s , x)\ q \ip(x) \ dx ds 

t (N+l)(q*-q)pn/(p-q) + t (N+l)(q«-q) V 



JR N 



<C(M) 
<C(M) 



1 + t 



(N+l)(q*-q)qr)/(p-q) 



(N+l)(q*-q)ri 



(2.13) 
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Similarly, by (|2,12p and Holder's inequality, 
|Vu(s,x)| p ~ 1 \Vip(x)\dx 
< C(M) 



s ~(p-l)Nri/ap , g -(p-l)/p 



< C(M) 

< C(M) 



-(p-l)Nij/ap , g -(p-l)/p 



US 



|2(p-l)/p 



iwii 



p/(2-p) 



1 + S 



(p-l)(AT+l)(9*-9)r;/(p-9) 



IVVII 



p/(2-p) 



-(p-l)/p 



hence, after integrating over (0, t), 



Vusix)^- 1 \V^{x)\dxds 



JR N 



<C(M) 



l + t 



(p-l)(N+l)(q*-q)r,/(p-q) 



IWII 



p/(2-p) 



1/p 



(2.14) 



Combining (J2HJ, flZZED , and (gJH) gives J22D. 

Case (b). Let t > and a non-negative function ip € Cq 
follows from (|2.3|) and (j2.8|) that, for (s,x) € Qoo> 



|Vu(*,x)| < C 



u 



l/ap 



+ S 



™ N ). Since u satisfies (|27f|l . it 
"Vf (n( S ,x)) 2 / p , 



< C(k) s~ 1/p (u(s, x)) 2/p . 
Owing to the non-negativity of ^, it follows from (|2.ip and fl2. 15j) that 

, x) — Uo(cc)) dx < / / |Vit(s, x)| p_1 |V^(x)| (ixds 



(2.15) 



Jl" 



<C(«) 



JR N 



(u(s,x)) 2(p - 1)/p |VV(x)| s-to-Wdxds. 



We now use again the decay property (|2.7p of no together with [221 Equation (5.5)] to 
conclude that u(s,x) < C{k) |x| _q?///3 for (s,x) & Qoo- Since ip vanishes in B r (0) then so 
does Vip and, by Holder's inequality, 



(u(t,x) — uq(x)) ip(x)dx <C(k) 



'0 ^{|x|>r} 

<C(k) t l ' p 



| 2 .|-2(p-iWp/3 | V ^(x)| s -(p-i)/p dxds 



2(p-l)/p 



-a/0 da . 



'{>|>r} 

from which (|2.10p follows since a//3 > iV by (fL5j) . □ 



IIW>|| 



p/(2-p) ' 



2.4 Tail behavior 

We end this section with a control on the tail of solutions to (|l.ip - (|1.2p . We first establish 
a pointwise estimate by showing the existence of a universal upper bound (also refered to 
as a friendly giant in literature), an idea also used in previous works, see [5j 171 |2"71 134] for 
instance. We define 

r M (r):=7^, r>0, (2.16) 
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where 

7:= SZ£±i (_EZ> f"*", (, 17) 



p,q- 



and first state some useful properties of T 

Lemma 2.8. For all r > 0, T p>q &e/on#s to L 1 (R JV \ B r (0)) and (t,x) i — >■ T 
a supersolution to (jl.ip in (0, oo) x (R-^ \ B r (0)) 



z — r is 



Proof. The stated integrability of T p ^ q follows from the property a//3 > N, see fjl .5|) . while 
a direct computation and the monotonicity of T p ^ q give the second assertion. □ 

Lemma 2.9. Consider an initial condition uq satisfying (|1.7p and Zei n be the correspond- 
ing solution to (|l.ip - (|l,2p . Define 

R(u ) ■= inf > : no(x)|3;| a//3 < 7 a. e. in {\x\ > R}} € [0, 00]. (2.18) 

If R{uq) < 00, then 

0<u(t,x)<T m {\x\-R(u )) (2.19) 
/or any t > and x € 1^ urei/i |x| > R(uq). 

Proof. Clearly, 

u (x) < j\x\- a /P = F p>q (\x\ - R(u )) , x£R N \ B R(uo) (0) . 

In addition, for all x € R^ such that |x| = R(uq) and t > 0, we have r Pi q(|x| — R(uq)) = 
00 > n(i, x). Thus, u(t, x) < r Pi9 (|a;| — R(uq)) on the parabolic boundary of (0, 00) x (R-^ \ 
^i?(«o)(0))i an d the comparison principle guarantees that u(t,x) < T Pjq (\x\ — R(uo)) in 
[0,oo) x R N \B R{uo) (Q). □ 

We next prove an integral estimate on the tail behaviour of solutions to (|l,ip - (|l,2p . 

Lemma 2.10. Let uo be an initial condition satisfying (jTTTJ) and denote the corresponding 
solution to (|l.ip - (|1.2p by u. There is Co > depending only on N , p, and q such that, for 
R > and t > 0, there holds 



[ u(t,x)dx <C R m ~ a)/P I sup \u (x) \x\ a ^\ + t RT llfi ) . (2 

J{\x\>R} \\x\>R/2 L J J 



20) 



Proof. We fix C G C°°(R N ) such that < ( < 1 and 



C{x) = if \x\ < - and ((x) = 1 if M > 1 • (2-21) 

For R > and x € 1^, we define Cr( x ) := C( x /R)- It follows from the weak formulation 
of (jl.ip and Young's inequality that 

4- I CR {x) q/{q - p+1) u{t,x) dx + / ( R (x) q /( q - p+1) \Vu(t,x)\ q dx 
dt J r n J R N 

< q — - [ t R {x) {p - 1)Kq - p+1) \Vu{t,x)r l \VQ R {x)\dx 

q-p + 1 J r n 

< P ~ l [ CR(x) q/{q ~ p+1) \Vu{t,x)\ q dx + [ \VC R (x)\ q/{q - p+1) dx, 

q-p+1 J r n J r n 
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whence 

4- I (R(x) q/(q ~ P+1) u(t,x) dx < C(C) R^-^IP . (2.22) 
dt j r jv 

Owing to the properties (|2.2ip of we find, after integrating with respect to time, 



/ u(t,x)dx<[ CR(x) q/iq ~ p+1) u(t,x) dx 

JUx\>R\ JR N 



'{\x\>R} 

< I (R(x) q/(q ~ p+1) u (x) dx + C(Q t RW-*-i)/fi 



< sup \u {x) \x\ a/l3 } / \x\- a ^dx + C{C) t rW-<*-i)/P i 

\x\>R/2 L J J{\x\>R/2} 

from which (|2.2U|) follows. □ 

As a consequence of these integral tail estimates, we obtain some precise pointwise esti- 
mates for sufficiently rapidly decaying initial data. 

Lemma 2.11. // no satisfies (|1.7p and (j2.7|) for some k > and u denotes the corre- 
sponding solution to the Cauchy problem (|l.ip - (|1.2p . then there exists C > depending on 
N, p, and q such that 

\x\ a ^u(t,x) < C \ sup {n (y)|yr //3 } + t|x|- 1//3 ] (2.23) 
\ls/l>N/ 4 / 

for any x £R N \ {0} and t > 0. 

Proof. Step 1. Let first uo be radially symmetric and non-increasing with respect to \x\. 
Then, by Lemma |2.3[ u(t) has the same properties for any t > 0, and for x € R , x ^ 
we deduce from Lemma 12.101 that 

Cu(t,x)\x\ N < I u(t,y)dy 
■M>l/2<|i/|<M} 

<Co(H) SUp {^ (y)|y|«//3} + i 

< sd+^Colxl^-^ ( sup {uo^lyr^ + tlxr^V 

V>l>M/4 / 
which gives ()2.23p for this specific class of initial data. 
Step 2. Fix xo € M. N \ {0}. We define 

k := sup {u (y)\y\ a/f5 } < k 

\v\>\xo\/4 

and take Ro € (0, |sco|/4) such that kqRq ^ > ||uo||oo- We define 

2k -R ' \ x \ ^ -Ro- 



ll 



Then uq is a radially symmetric and non- increasing function of \x\ and it satisfies (jl.7p 
since a/ (3 > N as well as (|2.7p with constant 2ko- Moreover, no < uo in M. N , hence the 
comparison principle guarantees that u < u in Qoo, where u is the solution to (jl.ip with 
initial condition uq. Applying Step 1 above to u gives 

\x \ a/ Pu(t,x ) <\x \ a ^u(t, Xo ) < 2( 1+a ^c ( sup {uo(y)\y\ a/ P} + t\x \- 1/IB ) 

\M>M/4 / 

<2(^)/P Co (2 Ko + t\x \-^) , 
and thus ([223]). □ 



3 Well-posedness with non-negative bounded measures as 
initial data 

In this section, we prove Theorem ll.3| together with some preparatory results. We be- 
gin with the proof of the existence statement which will be done, as usual, through an 
approximation process. 



Proof of Theorem ] l.tA Existence. Let no G M^(R. N ) and (no)fc>l be a sequence of func- 
tions in C 3O (R Ar ) such that 

=M := / du , (3.1) 

and 

lim / ul{x)ij}{x) dx = / ip(x)du (x) for any ip e BC(R N ). (3.2) 

Given k > 1, we denote the unique solution of (jl.ip with initial condition Uq by u k . Owing 
to dMD, it follows from Proposition EE that (u k ) k is bounded in L°°(t, oo; W 1 ' 00 ^)) for 
each t > 0. Combining this property with Lemma 12.41 implies the time equicontinuity of 
the sequence (u k )k in (r, oo) x M. N for all r > 0. We then deduce from the Arzela-Ascoli 
theorem that (u k )k is relatively compact in C([r, T] x IT) for all compact subsets K of 
~R N and < r < T. There are thus a subsequence (u k ) (not relabeled) and a continuous 
function n € C(Qoo) such that 

u fc — ► u in C{[t,T] xK) as k ^ oo (3.3) 

for all compact subsets of 1^ and < r < T. Owing to the stability of viscosity 
solutions to (jl.ip |30j Theorem 6.1], this convergence guarantees that u is a viscosity 
solution to (jl.ip in Qoo- In addition, since u k satisfies (j!.12p and (jl,13p with the constant 
C S {M ), so does n. Consequently, u{t) belongs to L 1 ^) and W 1 ' 00 ^) for all t > 0. 
In order to complete the proof of the existence part, it remains to identify the initial 
condition taken by n. Consider t G (0, 1), tp G C Q yo (R N ), and k > 1. O wing to ( 13.11) . we 
are in a position to apply Proposition 12.71 (a) and conclude that 



n (t, x)ip(x) dx — / u (x)ip(x)dx 



(3.4) 

< C(M , 1) (*Vp ||V^|| p /( 2 - p) + 
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Owing to (|3.2p and ()3.3|) . we may let k — > oo in (|3.4f) to get 



u(t, x)ijj{x) dx — I ip(x)duo(x) 
Jr n 

<c {t l / p \\vn P /(2- P) + t {N+l){q ^\ 

from which we readily deduce that 



lim / u(t, x)ip(x) dx 



ip(x) duo(x) 



(3.5) 



for any tp G Cq°(IR ). In fact, by a classical density argument, (|3.5p is valid for any 
continuous function ip 6 Cq(M. n ) which vanishes as \x\ — > oo. Let us now show that (|3.5p 
is satisfied for any function ip G BC(R N ). To this end, let ( € C°°(R JV ) be such that 
< C < 1 and 

C(x) =0 if |z| < - and ((x) = 1 if \%\ > 1 , 
and V e BC(R N ). Then, for i2 > 0, (l - C Q j{ {q ~ p+1) ) y belongs to Cq^) and 



< 



/ u(t,x)?f)(x) dx — / ip(x)duo(x) 
Jr n Jr n 

[ u(t, x) (l - Ci?(x) 9/(9 - p+1)N ) i>{x) dx 
Jr n v 1 



i-C R (xy^-p +1 A^x)du (x) 



< 



+ / u{t,x)Q R {x) ql{q - p+1 H{x)dx+ / CR(x) q/{q - p+1) ^(x)du (x) 

u(t, x) (l - CR{x) q/{q - p+1) ) i/>(x) dx- J (l- Cfl(^) 9/(9_p+1) ) ^(x) dn (x) 
u(t, x)Cfl(x) 9/(9 - p+1) da; + / 0?^) 9/(9 ~ P+1) ^ (x)^| . 



(3.6) 



We now recall that it follows from ()2.22p that 

u k (t, x)C R {x) ql( - q ~ p+l) dx< [ 4{x)( R {x) q /( q - p+ V dx + C(C)^ (/37V ~ a - 1)//3 



for t G (0, 1) and k > 1. We then infer from (|3.2p . (|3.3p . and Fatou's lemma that 

u{t, x)( R (x) q /( q ~ p+ V dx < [ ( R (x) q/ ( q ~ p+1) du {x) + C{C)tR i/3N - a - 1)/l3 (3.7) 



for t G (0, 1). We then infer from (pT5]l . (pOfl) . and (J22D that 



lim sup 



u(t,x)ijj(x) dx — / if>(x) duo(a 
Jrn 



<2| 



Ci?(^) 9/(9 " P+1) d«o(a?) 



(3.8) 

Since no is a bounded measure, we then let R — > oo in (|3.8p and use the properties of £ 
to conclude that the left-hand side of (|3.8|) vanishes. This ends the proof of the existence 
result. □ 
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We next turn to the proof of the uniqueness part of Theorem 11.31 for which the following 
two preliminary results are needed. We will first need the following inequality for vectors 



in R N . 



Lemma 3.1. If q> p/2, then there exists •& = $(p, q) S (0, 1] such that 

(„_„). _ K - %) > M- 1 - ^ > , W'-ff _ (3 . 9) 

v 11 '- \a\ 2 i-P + \b\ 2q ~P ~ \a\ 2 i-P + \b\ 2 i-P y ' 

for all (a,b) €R N xR N . 

When q = 1 and p € (1,2], this lemma is proved in [13\ Lemma A. 2]. 
Proof Consider (a, b) G R N x R N , & € (0, 1], and define 

A(a, b) := (a - b) ■ {\a\ p ~ 2 a - \b\ p ~ 2 b) (\a\ 2q ~ p + |6| 2 ^ p ) - d \ \a\ q - l a - \b\ q ~ l b\ 2 
= [\a\ p + \b\ p - (\a\ p - 2 + \b\ p ~ 2 ){a ■ b)] {\a\ 2q ~ p + \b\ 2q ~ p ) 

- $\a\ 2q - $\b\ 2q + 2§\a\ q - l \b\ q - l {a ■ b) 

= (\a\ p + \b\ p ) {\a\ 2q - p + \b\ 2q - p ) - {\a\ 2q + \b\ 2q ) 

- [\a\ 2q ~ 2 + \b\ 2q ~ 2 + \a\ p ~ 2 \b\ 2q ~ p + \a\ 2q ~ p \b\ p ~ 2 - 2$\a\ q ~ 1 \b\ q ~ 1 } (a • b). 
Since i? S (0, 1], we have 

| |2 9 -2 + | 6 |2,-2 + | a |p-2| 6 |2,-p + | a |2 9 - P | 6 |p-2 _ 2 'i5»|«|^- 1 1^^- 1 

> \a\ 2q ~ 2 + \b\ 2q ~ 2 - 2\a\ q ~ 1 \b\ q ~ 1 = (\a\ q ~ l - H 9 " 1 ) 2 > 0. 

As a • b < |a||6|, it follows from the previous inequalities that 

A(o, b) > (\a\ p + \b\ p ) {\a\ 2q - p + \b\ 2q ~ p ) - {\a\ 2q + \b\ 2q ) 

- [\a\ 2q ~ 2 + \b\ 2q ~ 2 + \a\ p ~ 2 \b\ 2q - p + |a| 29 - p |fe| p - 2 - 20|a| ( '- 1 |6| ( '- 1 ] |a||6| 

> (\a\ p + \b\ p - \a\ p ^\b\ - \a\\b\ p ~ r ) {\a\ 2q ~ p + \b\ 2q ~ p ) - (\a\ q - \b\ q ) 2 

> (\a\ - \b\) {\a\ p ^ - \b\ p - r ) {\a\ 2q ~ p + \b\ 2q ~ p ) - (\a\ q - \b\ q ) 2 . 

Since q > p/2, it follows from [2H Lemma 1] that there is C± > 1 depending only on p and 
q such that 

Consequently, choosing i? = 1/C\, we end up with A(a, 6) > 0, which implies the first 
inequality in (|3.9p . The second inequality then follows easily from the triangular inequality. 
□ 

We next estimate the small time behavior of solutions to (jl.ip . 

Lemma 3.2. Consider uq € A4^(R N ) and let u be a non-negative solution to (|1.1|) with 
initial condition uq. If there exists a unique non-negative solution v G C([0, oo); •Mi~(R JV ))n 
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C(Qoo) to the diffusion equation f)2.4() - (|2.5[) in Qoo wt/i initial condition uq, then, fort > 
and r € [1, oo], 

IK*)||i < M := / duo(x), (3.10) 

and 

\\u{t) - v{t)\\ r < C(M ) (l + t [(JV+l)(ff.-ff)-^(r-lMr _ (3 -q) 

Proof. For r > 0, let f r be the solution to the diffusion equation (|2.4p in (r, 00) x with 
initial condition v t {t) = u(t). 

We first prove (|3.10p . By the comparison principle, u < v T in (r, 00) x W N while the L 1 - 
accretivity of the p-Laplacian guarantees that ||w r (i)||i < ||w t (t)||i fort > r. Consequently, 
for t > r, 



n(t)|h < lb 7 



< IKMIIi 



u(t, x) dx — > Mq , 

r->0 



and thus (EHUD . 

Next, since u(r) G L 1 (lR Ar ) and p > p c , it follows from the L 1 -accretivity of the p-Laplacian 
that, for t > t, 

\\u(t) -v T (t)\\ 1 < [ [ \Vu(s,x)\ q dxds. 
Jt Jr n 

Thanks to (|3.10j) . we may use (|1.12j) and (|2.3p to obtain 

1/ap 



|u(t)-v T (t)||i <c 



II 



s + r 



<C(M ) / \{s-T)- qi ^ ap + (s-T) 
ft r 



S - T I 



+ (s-r)- 1 / p 

qNri/ap _|_ ( s _ T )~ q l p 
qN-q/ap _|_ ( s _ T }~l/P 



<C(M 

J T L 

<C(M ) f \(s - r)~ Nr >l a + (s- r)~^ N+1 ^ N ^ 
<C(M 



(u(s, x)) 2q l p ds 
\Hs)\\t q - p)lp \Ha)\\ x d8 

s -(2 g ~p)N V /p df , 
ds 



(JV+l)(g»- ? )pr?/(p-g) + t (N+l)(q»-q)rj 



hence 



\u(t)-v T (t)\\i<C(M ) 



1 + t 



(N+l)(q t -q)qr)/(p-q) 



(N+l)(q*-q)r, 



t>T . 



Now, since v T (t) converges towards v(t) in L 1 (R JV ) for all t > 0, we conclude that 



1 + t 



(N+l)( qt ,-q)qr)/(p-q) 



(N+l)(q,-q)ri 



t>0. (3.12) 



Ht)-w(t)||i <C(M ) 

Also, by (fTT2l) . (USD, and ([3TTU]) . 

||«(t)-v(t)||oo < Halloo + IKt)||oo <C(M ) t-^", t>0. (3.13) 
We then infer from (|3.12p . (|3.13|) . and Holder's inequality that (|3.11|) is true. □ 
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Proof of Theorem ] l.SX Uniqueness. Let U\ and u 2 be two non-negative solutions to (jl.ip 
with initial condition uq E M~£(M. N ) and define 

M := / du (x) , 
Jr n 

and it! := u\ — u 2 . Then, w solves 

d t w - (A pUl - A p u 2 ) + |Vni| 9 - \Vu 2 \ q = in Q^. (3.14) 
Consider r > to be specified later and T > 0. For t E (0, T), we calculate 
1 d 



ll?/)ir +1 — ' ~.\n„\r-l 



/ r|tor -1 Vti; • (|Vui| p_2 V«i - |Vu 2 | p ~ 2 Vu 2 ) dx 
Jr n 

tu| r-1 io(|Vui| 9 - |Vu 2 | 9 ) dx. 



Lemma 13. II then gives, with the help of Young's inequality, 
1 d 



r + l dt nWUr+1 

<-r*[ \,r\ !!y^- |v !! |g) l dx 



I r+l 



1 + |Vlii| 2 9-P + |Vu 2 | 2 ^P 

7rJv a/1 + |Vui| 2f ^P + |Vu 2 | 2<? - p 

<C { \w\ r+1 (1 + |V Ul | 2 ^ + \Vu 2 \ 2q ~' p ) dx 

\w\\ r+1 

\ w \\r+l- 



^(l + llVtiiH^ + HVuall^) 



Owing to (|3.10p . we are in a position to use the gradient estimate (|1.13|) and we further 
obtain 



r + l (it 1 
Observing that 

1 - (N + l)77(2q -p) = 2(iV + l)(g, - q) V > 0, 
we may integrate the above differential inequality over (s, t), < s < t < T, to obtain 

IK*)!!^ < expjCr + lJCCMo^^+^-^ + t)}. (3.15) 

We now choose r E (0, (TV + 1)(<7* —q)/N) and realize that (|3.1ip guarantees that (keeping 
the notation of Lemma 13.21) 



\Hs)\\ r r +\ <\\ Ul (s) - v( S )\\ r r X\ + \\v(a) - u 2 (s)\\ r r l\ 

<C(M ,T) s ((N+l)(q*-q)-Nr) V q 

Consequently, letting s — > in (|3. 15 j) leads us to ||io(£)||£+i < for all t E (0, T), hence 
U\ = u 2 in (0,T). As T was arbitrary, the proof is complete. □ 

Since initial data of the form M5q, where do denotes the Dirac mass at x = 0, play an 
essential role in the sequel, we rephrase Theorem 11.31 in this particular setting. 
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Corollary 3.3. For any M > 0, there exists a unique solution um to (jl.ip with initial 
condition M5$. In the sequel, um will be refered to as the fundamental solution to (jl.ip 
of mass M. Moreover, it satisfies the estimates (jl,12p and (|1 . 13[) with C S (M) instead of 
C S (M ). 

Proof. The existence and uniqueness of a solution for the p-Laplacian equation fj2.4j) with 
initial condition uq = M5q are proved in |15j Theorem 4.1]. Thus, applying Theorem 11.31 
with uq = M5q, we get the claimed result. □ 



4 Very singular solutions 

As specified in the Introduction, we will study in detail the very singular solutions of 
(jl.ip . More precisely, in this section we show that there exists in fact a unique very 
singular solution to (jl.ip . This is done by constructing a minimal and a maximal very 
singular solution and identifying them afterwards. We begin with the precise definition. 

Definition 4.1. A very singular solution to (jl.ip is a viscosity solution u to (jl.ip in Qoo 

in the sense of Definition{2A\ satisfying 

u{t) G L 1 ^") n W 1,00 (R N ) (4.1) 

for all t > as well as 

lim / u(s, x) dx = oo, r E (0, oo), (4.2) 

J(\x\<r\ 



and 



lim / n(s, x) dx = 0, r £ (0, oo). (4.3) 

s ^°J{\x\>r} 

A very singular subsolution (resp. supersolution) to (jl.ip is a viscosity subsolution (resp. 
super solution) to (jl.ip 

^ ^ ^6 sense of Dc fiTiitioTi \2. 1\ which satisfies (|4. ip , (|4.2p 

and P~3l). 



We already know that the class of very singular solutions to (jl.ip for p £ (p c , 2) and 
g G (p/2,q*) is non-empty as a consequence of the following result 



Theorem 4.2. There exists a unique radially symmetric, self-similar very singular solution 
U to (jl.ip , having the form 

U(t, x) = t- a fu(\x\t-P), (i, x) G Qoo. (4.4) 

27ie profile fu is a solution to the differential equation 

(l/^r^) , W + ^(|/^r^)(r) + a/ f /(r) + /3r/Mr)-|^(r)r = 0, r > 0, (4.5) 
satisfying /^(0) = and i/iere is an explicit positive constant to* such that 

lim r p /( 2 ~ p ) Mr) = to*. 

This important result is very useful in the sequel in order to identify very singular solutions 
when we are able to show that they are radially symmetric and in self-similar form. 
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4.1 Some properties of very singular subsolutions and solutions 

From Definition 14. H one expects the initial trace of a very singular solution to (jl.ip to 
vanish outside the origin. This is made rigorous in the next result. 

Proposition 4.3. Let u be a very singular subsolution to (jl.ip and K be a compact subset 
of R N \{0}. Then 

lim sup{ii(i, x)} = 0. 

Proof. Fix r > and let v T be the solution to the diffusion equation (j2.4p in (r, oo) x M. N 
with initial condition v t (t) = u(t). According to |17j Theorem III. 6. 2], v T satisfies the 
following pointwise estimate: there exists a constant C > depending only on N and p 
such that, for any xq G R , R > 0, and £ > r, 

sup K(£,x)}<C(t-r)-^ / ivfoaOdx — - . (46) 

Since u is a subsolution to the diffusion equation (j2.4[) in (r, oo) x R^ with u(t) = v t (t), 
the comparison principle gives u < u r in (r, oo) x R . Plugging these information in ()4.6p . 
we are led to 

sup {u{t,x)}<C{t-T)- N <l[l u(r,x)dx) +C — - (4.7) 

for any t > r > 0. Now, assume further that xq ^ and > 2i2. Then L>2r{xo) 
and we may let r — s> in (|4.7p and use (|4.3|) to obtain 

/ . v l/(2-p) 

sup Wi,i)}<C — , i>0. (4.8) 

xeB fl (x ) V-^V 

Therefore, if x$ ^ and |xo| > 2i?, 

lim sup {u(i,x)} = 0, 

and this property entails Proposition 14.31 by a covering argument. □ 

In particular, Proposition 14.31 implies that u(0,x) = 0, for any very singular subsolution 
u and any x^O. This is useful to prove some comparison results. 

Proposition 4.4. Let u be a very singular subsolution to (jl.ip . Then 

< u{t, x) < r M (|x|), (t, x) G Qoo. (4.9) 

Proof. We adapt the proof of [SJ Lemma 3.4]. At a formal level, the result follows from 
Lemma 12.91 since we can view a very singular solution as having an initial condition sat- 
isfiying R{uq) = 0. More precisely, let r > and define D r := {x G M. N : \x\ > r}. By 
Lemma [2.81 5 : (t,x) i — )■ rp )9 (|sc| — r) is a supersolution to (jl.ip in (0, oo) x D r with 
u(t, x) < oo = S(i, x) if (t, x) G (0, oo) x dD r and u(0, x) = < 5 (a;) for x G D r by 
Proposition 14.31 Since u is a subsolution to (jl.ip in and thus also in (0, oo) x D r , the 
comparison principle gives u(t,x) < T PtQ (\x\ — r) for any (t,x) G (0, oo) x D r . Fix now 
xo G R w , xq 0. Then xq G -D r for any r G (0, |xo|), hence u(t,xo) < T P:g (\xo\ — r), 
for any t > and r G (0, |xo|). The conclusion follows by letting r — > in the previous 
inequality. □ 
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We next prove that very singular subsolutions also enjoy the temporal decay estimates 
d2T 



Proposition 4.5. If u is a very singular subsolution to (jl.ip in Qoo, the following esti- 
mates hold: 

^-^IK^Hi + ^|K*)IU < K J} t> 0, (4.10) 

where 7 and K~ are defined in ()2.17|) and Proposition \2.6\ respectively. In addition, if u 
is a very singular solution to (|1.1|) in Qoo, 

^llVu^Hoo <if 7 , t>0. (4.11) 

Proof. At a formal level, since u is a very singular subsolution, its initial condition is 
somehow concentrated at x = 0. It thus "vanishes" outside the origin and the conditions 
on the initial data in Proposition ^ . 61 are fulfilled. As more regularity on the initial condition 
is needed to apply this result, we provide a rigorous proof now. Consider r > 0. According 
to (|4.ip and ()4.9p . u{t) satisfies (|1.7p and (|2.7p with k = 7 and we infer from Proposition ^. 61 
that the solution u T to (jl.ip in (r, 00) x R w with initial condition u t (t) = u(t) satisfies 

( t _ rr -^|| M r (t)||i + (t _ ^"11^(^1^ <K^ 
(t-T) a+/, ||Vu T (t)|| 00 <K 7 , 

for t > t. Now, if u is a very singular subsolution to (jl.ip . the comparison principle gives 
u < u T in (r, 00) x R^ and (|4.10p follows at once from the previous estimate after letting 
r —7- 0. Next, if u is a very singular subsolution to (jl.ip . we obviously have u T = u and 
thus (|4TTTj) . □ 

Finally, the last preliminary result concerns some local estimates on small balls for very 
singular subsolutions. It is similar to [5j Lemma 3.6] for p = 2, and its proof adapts an 
argument from [TBI P- 186-187]. 

Proposition 4.6. For y E 1^ and £ > 0, let a yi0 be the solution to 

-A p a V)S = l in B g (y), a y>g = on dB e (y). (4.12) 

For every A G (0, 00), there exists A\ g > depending only on N, p, g, and A such that, if 
u is a very singular subsolution to (jl.ip . y G R^ \ {0}, and < g < \y\, we have 

u(t,x) < A e Ax ^ exp ( — 3-- ) , (t,x) G (0,oo) x B e {y). (4.13) 

Proo/. We fix y G R^, g G (0, |y|), A > 0, and define 

w(t,x) := A e At exp ( — 3— ) , (t,x) G (0,oo) x B e (y), 

where a = o~ Vje , the dependence on y and g being omitted for simplicity. We wish to choose 
A > such that 

d t w - A p w+ \Vw\ q > in (0,oo) x B e (y). (4.14) 
To this end, we calculate: 



tv(t) x\ 

dtw(t, x) = A w(t, x), S/w(t, x) = ' V(j(x), 

o~(x)' L 
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hence 

\Vw(t,x)\*= 1 / ;| w(t,x)« 

and 

IV<t('t n 1I p ~ 2 

\Vto(t,x)r 2 Vw(t,x) = - ^^ri) ^(i^f- 1 W(s). 



It follows from (|4TT2"|) that 



ApTuCt, x) =2(p - 1) ^V-i x) ff(;E) 2p 



jr A p a(x) 



cj(x) 2 (p 
lofts)* -1 



ct(x) 2 p 

Gathering all the previous calculations, we obtain 



[<x(x) 2 + (p - 1) (1 + 2<r(x)) |V<t(x)|* 



9 t w - A„u; + Vio =w; p <M w 2 p — ^ + w q P+L 

o~ z P rr A i 



>u; p - 1 I X 2 ~ P A 



exp 



2-p] h 2 + (l + ^) \V*\ P \\ L ~ { B e (y)) 

2p 



a a 



Setting fi p := inf r> o {e r r 2p } > 0, we end up with 



p— l 

<W - A pU ; + |Vz/;|* > ^ { A2 ~ P ( 2 " P) 2 >P A ~ h 2 + (! + ^l^rlU^Q,))} 



Since cr(x) = ^ <to,i((x — 2/)/f?) for x G B e (y), we conclude that (|4.14p holds true for a 
sufficiently large constant > which depends only on N, p, A, and g. 
With this choice, w is a supersolution to (jl.ip in (0, oo) x B g (y) which satisfies additionally 
w(0,x) > = u(0,x) for x G B g (y) by Proposition 14.31 and w(t,x) = oo > u(t,x) for 
(i,x) G (0, oo) x dB g (y) by (|4. 12j) . The estimate (|4.13p then follows by the comparison 
principle. □ 



4.2 The minimal very singular solution 

In this section we will construct a special very singular solution and prove that it is minimal 
among all the very singular solutions and has a self-similar form. As a consequence, it will 
coincide with the unique radially symmetric self-similar very singular solution obtained in 
|23j , see Theorem 14.21 Recalling the notation um for the fundamental solution to (jl.ip 
with mass M > 0, we begin with the following preliminary result. 

Lemma 4.7. Let u be a very singular supersolution to (jl.ip and assume further that 

u G C(Qoo) and u(t, x) < r Pi g(|x|), (t, x) G . 
Then, for any M > 0, we have um < it in Qoo- 
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Proof. Fix M > 0. We borrow ideas from the proofs of Lemma 3.7] and Theorem 11.31 
above. As u is a very singular supersolution to (jl.ip . we have ||«(t)||i — > oo as t — > and, 
for each k > 1, there exists a non-negative function uo,fe € L 1 (]R Ar ) D VF 1 '°°(]R Ar ) such that 



|«o,fc||l = M, < uo,k(x) < u(l/k,x) < T Ptq (\x\), for any x G 



(4.15) 



Denoting the solution to (jl.ip with initial condition UQ )k by ^fci we argue as in the proof 
of the existence part of Theorem 11.31 to find a non-negative function u G C{Q 00 ) and a 
subsequence of (u k ) k ( n °t relabeled) with the following properties: 



u is a solution to (jl.ip in Qoo and satisfies the estimates ()1.12j) - (|1.13|> 
with C S (M) and J23]) with « = 7. 



and 



(4.16) 
(4.17) 



ti fc — ► u in C([r,T] x K) 
for all compact subsets K of and t < t < T. 

It remains to identify the initial condition taken by u. On the one hand, since u is a 
supersolution to (jl.ip . it readily follows from (j4.15p that 

u k (t, x) < u U + ~,a;J < r Pi9 (|x|) , (t, x) G Qoo , 

whence, owing to (j4.17p and the continuity of u in Qoo, 

fi(i,x) <u(t,x) <r M (|x|), (t,x)GQoo. (4.18) 

On the other hand, consider V € C^QR^) and ie (0,1). O wing to (j4.15p . we may use 
Proposition 12.71 (a) and deduce that, for all k > 1, 



(u k (t, x) - u ok (x)) if)(x) dx 



< C(M,1) 



I t (N+l)(q*-q)r) 



+ ||VV||p/( 2 -p) t 1/p 



(4.19) 



It also follows from (j4.15p that, for r > and k > 1, 



u , k (x)ip(x) dx - M ?/>(0) 



uo, k {x)(il)(x) - ip(0))dx 



<2||^||oo / u(l/k,x)dx+\ u , k (x)dx] sup {\ip(x) -*/>(0)|} 

'{M>r} V-UN^r} / \x\<r 



<2| 



{|x|>r} 



u(l/k,x)dx + M sup - V(0)|}. 



|a;|<r 
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Combining (|4,19p and the above estimate, we obtain, for k > 1 and r > 0, 



< 



+ 



< 



u(t,x) tp(x) dx - M 4>(0) 



(u(t, x) — Uk(t, x)) tp(x) dx + 



u ,k( x ) ^( x ) dx ~ Mtp(0) 
\u(t, x) — Uk(t, x)\ \ip{x)\ dx 



(u k (t, x) - u o k (x)) tp(x) dx 



+ C(M, 1) 
+ 2IWL 



t (N + l)( q ,- q)v + || W || p/(2 _ p) *Vf' 



u(l/k,x)dx + M sup {\tp(x) - ip{0)\}. 

{\x\>r} 

Since t > 0, r > 0, and ^ is compactly supported, we first let k — > oo in the above 
inequality and use (|4,3p and (|4.17p to conclude that 



u(t,x) ip(x)dx-M ^(0) 



<C(M,1) 



t (jv+i)( 9 .- 9 ), + || V ^|| p/(2 _ p) 



+ M sup {IV'(x) -"0(0)1}. 



We then let t — > and r — > and end up with 



Jim / u(t, x) ip(x) dx = M ijj(0) 



(4.20) 



for any tp G C^°(R N ). By a standard density argument, we extend (|4.20p to test functions 
ifi € ^(M^). In order to extend (|4.20p to test functions in BC(M. N ), we proceed as in the 
proof of the existence part of Theorem 11.31 with the difference that the control for large x 
is here provided by r Pj(? thanks to the upper bound (|4.18p and Lemma [2T8l The uniqueness 
statement of Theorem 11.31 then implies that u = um ■ Recalling (|4.18p completes the proof. 
□ 

The next result shows more properties of the fundamental solutions um- 

Lemma 4.8. (a) For each M > and t > 0, uj\/(t) is a radially symmetric function, 
and u Ml {t) < UM 2 {t) if < Mi < M 2 < oo. 

(b) For each M > 0, the function um satisfies 

< u M (t, x) < T M (\x\), (t, x) G Qoo (4.21) 
as well as the estimates (|1.12|) - ()1.13p with C S {M) and (|2.8p with k = 7. 

(c) For each M > and any r > 0, there exist a constant C(r) depending only on r, p, 
q, and N such that 



[ u M (t,x)dx <C(r) t 1/p , tG(0,l). 

J{\x\>r} 



(4.22) 
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Proof. The proof of part (a) is identical to the proof of Lemma 3.3] to which we refer. 
Next, it is easy to see that Proposition 14.31 is also valid for the fundamental solutions 
um and the estimate (|4.2ip can be proved as Proposition 14.41 We then infer from (|3.10p 
and (|4.2ip that Propositions 12.51 and 12.61 can be applied to (t,x) i — > UM(t + r, x) for any 
arbitrary small r from which the validity of (|1.12p - (|1.13|) with C S (M) and (|2.8|) with k = 7 
follows after passing to the limit r — > 0. Finally, let r > 0, r > 0, and two non-negative 
functions f € C$°{R N ) and C € C°°{R N ) such that 

< C < 1 , £0) = 1 if |x| < 1 and f (jc) = if |s| > 2 

and 

< C < 1 5 CC^) = if \x\<r/2 and £(ai) = 1 if \x\ > r . 

For > and x € R , we set £r(x) = £(x/R). Since u(r) satisfies (|2.7p with k = 7 by 
(lOTjl and £ R ( € Cq°(R n ) vanishes in B r/2 (0), it follows from (l2TT0]l that, for t > r and 
# > 0, 

/ u M (t,x)dx< u M (t,x) (£ R ()(x)dx 

J{r<\x\<R} JR N 

< [ u m {t) {i R 0{x)dx + C{ 1 ,r/2) ||V(^C)ll P /(2- P ) (< - r) 1/p . 
Letting r — >• 0, we find, since £r£ vanishes in a neighborhood of x = 0, 

uji,(t,a;)dx < C( 7 ,r/2) || V(^C) || P /(2- P ) t 1/p . 

'{r<\x\<R} 

Combining (|4.2ip with the previous inequality, we obtain 



/ 



UM(t,x)dx< / UM(t, x)dx+ I T P! q{\x\)dx 

{\x\>r} J{r<\x\<R} J{\x\>R} 

<C( 7 ,r/2) ||V(^C)ll P /(2-p) t l,P + I T M {\x\)dx 

J{\x\>R} 

<C(r) (||V(^C)ll P /(2- P )t 1/p + J R- (a - 7V/3)//3 ) • 

Now, 

I|V(£rC)II P /(2-p) <IICV^||p/(2-p) + ||^flVC||p/(2-p) 

<R- iN+1)(p - pc)/p m\\ P /(2- P ) + nvciip/(2-p) , 

and thus 

u M (t, x) dx < C{r) (t l l p + R-W+Wj>-i>°)Ip t x /P + R-{*-NP)IP\ . 

{\x\>r} V 1 

Letting R -> 00 gives (|4.22|) . □ 

We are now ready to construct the minimal very singular solution. By Lemma 14. 8^ for 
any t > 0, the sequence («m(*))m>o is non-decreasing and uniformly bounded by T P:q . 
Thus, we can define 

U(t,x) := sup {uM(t,x)} = lim u M {t,x) , (t,x)^Q oc . (4.23) 

A/>0 A/->oo 
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Using once more Lemma 14. 8^ we see that U (t) is radially symmetric for any t > 0. More- 
over, a first outcome of Proposition 14.41 and Lemma 14.71 is that 

U <u in for any very singular solution u to (jl.ip . (4.24) 

It remains to show that U is a very singular solution to (jl.ip . 

Proposition 4.9. The function U constructed in (j4.23p is a very singular solution to 
(jl.ip . Moreover, U = U, the latter being defined in Theorem \4-2\ 

Proof. We first prove that U has the expected behavior as t — > 0. Let r > 0. On the one 
hand, if M > 0, we have U > um in Qoo by (|4.23p and thus 

liminf / U(t, x) dx > lim / UM(t,x)dx = M, 

from which the expected concentration (|4.2|) of J7 at the origin follows. On the other hand, 
we infer from the monotone convergence theorem and (|4.22p that 

/ U(t,x)dx= lim / u M (t,x)dx < C(r) t 1/p . 

J{\x\>r} M ^°°J{\x\>r} 

Letting t — > gives the expected vanishing (|4.3p outside the origin. 

Finally, it follows from Lemma H~8l (b) that («m)m is bounded in L°°(t, oo; W l,00 (W N )) 
for any r > 0. This property and Lemma 12.41 ensure the time equicontinuity of the family 
{um)m in (t,oo) x 1^ for all r > 0. We then deduce from the Arzela-Ascoli theorem 
that {um)m is relatively compact in C([r,T] x K) for all compact subsets K of 1^ and 
< r < T. Recalling (|4.23p . we conclude that (um)m converges to U uniformly in compact 
subsets of Qoo. Consequently, thanks to the stability of viscosity solutions [30l Theorem 
6.1], U is a viscosity solution to (jl.ip . and thus a very singular solution in the sense of 
Definition ETT1 

It remains to prove that U has a self-similar form which follows from the scale invariance 
of (jl.ip and is now a standard step. Indeed, for A 6 (0, oo) and M 6 (0,oo), define a 
rescaled version of um by 

u x M (t, x) := X^/^-P^UM(Xt, \(1-P+V/V<i-P) x ) , ( t , x) G Qoo. (4.25) 

By straightforward calculations, we find that solution to (jl.ip . To identify its 

initial trace, we consider t/j € BC(M. N ) and write 

I u x M (t, x) i>(x) dx = \d>-i)/(?<i-p) [ UM (Xt, \(9-P+i)m-p) x ) ^(x) dx 
Jr n Jr n 

= A (jv+D( g .- 9 )/(2,- P ) r UM{x ^ y) ^ {x - [q - P+ i )/{ 2 q - P ) y)d ^ 

Jrn 

Letting t ->• 0, we find that the initial condition of u x M is A (7V+1)(g *~ <i ' )/(29 ~ p) M5 . By 
Theorem 11.31 we obtain u\j = n A (jv+i)( 9 *- 9 )/(2 9 - P ) M . We now pass to the limit as M — > oo 
and deduce from (|4.23p that 

U(t, x) = \(p-i)/( 2 <i-p) \(i-P+m^-p) x )^ (t, x) 6 Qoo • 

Therefore, U has a self-similar form and since it is obviously radially symmetric due to 
Lemma 14.81 (a) and (|4.23p . we infer from Theorem 14.21 that U = U. □ 
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A further outcome of the above analysis is the following result which is a straightforward 
consequence of Lemma 14.71 (|4.23p , and Proposition 14.91 

Corollary 4.10. If u is a very singular supersolution to (jl.ip in Qoo such that 
u G C(Qoo) and u(t, x) < r P)? (|a;|), (t, x) G Q^ , 

then 

U(t,x) < u(t,x), (t,x)eQ OQ . 
4.3 The maximal very singular solution 

We begin with the following general result for very singular subsolutions to (jl.ip . 

Proposition 4.11. Let u be a very singular subsolution to (jl.ip . Then there exists a very 
singular solution u such that u <u in Qoo- 

Proof. Fix r > and let u T be the solution to (jl.ip in (r, oo) x M. N with initial condition 
u t (t) = u(t). The comparison principle and Proposition 14.41 then ensure that 

u{t,x) < u T (t,x) < T p>q (\x\) , (i, x) G (r, oo) x M. N . (4.26) 

Moreover, the function u(t) satisfies (jl.7p and (j2.7p (with n = 7) by Proposition 14.41 and 
it follows from Proposition 12.61 that, for t > t, 

( t _ ^a-^ii^r^^ + (t _ tY^U < (4.27) 

and 

(t-rr^WVu^t^KK^. (4.28) 

We also notice that, if < t\ < T2, the inequality (j4.26p implies that u T2 {t2) = u{t2) < 
u n (T2), whence 

u T1 (t, x) > u T2 {t, x) , (t, x) G (r 2 , 00) x R N , (4.29) 

by the comparison principle. Owing to (j4.26p . (j4.27p . and (j4.29p . we may define the 
pointwise limit 

W(t,x):= sup {u T (t,x)} = lim u T (t,x), (t,x) G Q^. (4.30) 
re(0,t/2) 

The remainder of the proof is devoted to proving that W is a very singular solution to 
(fTTTj) in Qoo. Consider n > 1. By (jCTp and gjZS]), the family {n T : r G (0,l/2n)} is 
bounded in L°°(l/n, n; Ty 1,00 (M Ar )) which allows us to apply Lemma 12.41 and deduce from 
the Arzela-Ascoli theorem that {u T : r G (0, l/2n)} is relatively compact in C((l/n, n) x 
B n (0)). Consequently, the pointwise convergence f)4.3Q|) of (u T ) T to W can be improved 
to convergence in C((l/n, n) x B n (0)) for all n > 1, from which we deduce that is a 
viscosity solution to (jl.ip in Qoo by the stability of viscosity solutions (301 Theorem 6.1]. 
We may also use this convergence to pass to the limit as r — > in (j4.26p and obtain 

u(t, x) < W(t, x) < V Ptq (\x\) , (t, x) G Qoo • (4.31) 

It remains to prove that the function W has the expected behavior as t — > 0. Since u is a 
very singular subsolution to (jl.ip , it satisfies (j4.2p and so does W by (|4.3ip . The study of 
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the behavior of W outside the origin requires more work. Let C G C°°(R N ) be such that 

o < C < i, 

C(x) = 1 if |x| > 1, CO) = if [x| < -. 

Fix r > and define ( r (x) = Q{x/r) for x G M^. It follows from (|2.ip that, for t > and 
re (0,t/2), 

u T (t,x) ( r (x)dx < [ u t (t,x) Cr(x)dx + [ [ \Vu T (s, x)^ 1 \V( r (x)\ dx ds 
JRN Jt Jr n 

u(t, x) dx 



(4.32) 



{M>r/2} 

+ / / \Vu T (s,x)\ p ~ 1 \V( r (x)\dxds, 

Jt J{r/2<\x\<r} 



since u t (t) = u(t) by definition. On the one hand, Fatou's lemma and (|4.3Uj) give 



W(t,x) (r(x) dx < liminf / u T (t,x) ( r (x) dx . 

T->0 



On the other hand, since u is a very singular subsolution, we have 

lim / u(t, x) dx = , 

J{\x\>r/2} 



(4.33) 



(4.34) 



while dZSD, (F26D - and (IOTP give, for s > r, 

l/ap 



|V« T (s J x)| p_1 <C 



T I s + r 



+ ( s _ t )-i/p (u T ( S ,x)) 2(p - 1)/p 



Thus 



<c (s - T )-^- l)lp r p , q (\x\) 2(p - 1)/p . 

|W(s I aO| p ~ 1 |VCr(x)| dxds < C(r) i 1/p ||VC||c 



(4.35) 



'r J{r/2<|i|<r} 

Combining (14T32J) . (14331) . (14~34"|) . and (14351) leads us to 

W(t,x) Cr(x)^x<C7(r) *Vp IIVCHoo- 

Using the properties of £ and letting t — > in the above inequality, we conclude that W 
satisfies (|4.3p . Summarizing, we have established that W is a very singular solution to 
(jl.ip in Qoo which lies above u by (|4.3ip . □ 

We are now ready to construct the maximal very singular solution to (jl.ip . We denote 
the set of very singular solutions to (jl.ip in by S. Since U G 5, S is non-empty and 
we may define 

V(t, z) := sup{u(i, x)}, (i, x) G Qoo. (4.36) 
ues 

We prove next that V is itself a very singular solution to (jl.ip . We begin with the following 
bounds. 
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Lemma 4.12. For t > 0, we have 

t a \\V(t)\\oo +t Q+/3 ||Vy(t)||oo < K 7 , (4.37) 

and 

U{t, x) < V(t, x) < r Pjff (|x|), x e R N . (4.38) 

Proof. Since U G S, the inequality (|4.38p follows at once from (|4.36p and Proposition 14.41 
We next deduce from (jlTO]) and that \\V(t) < K 7 t~ a for t > while diTTT]) and 

(jUgSD entail that, for any x G R^, y G R^, m£5, and t > 0, 

u(t, x) < u(t, y) + £T 7 t~ {a+l3) \x - y\ < V{t, y) + K 7 t~ {a+p) \x - y\. 

Hence, passing to the supremum over u G S 

V(t,x)<V(t,y) + K 7 t-( a+ ® \x-y\, 

and V(t) is Lipschitz continuous for all t > with Lipschitz constant K 7 t~^ a+ ^ . Conse- 
quently, V(t) G W 1 '°°(R N ) and satisfies (jOT) . □ 

We can now establish the main property of V. 
Lemma 4.13. V is a very singular subsolution to 

Proof. Since V is the supremum of a family of viscosity solutions to by (|4.36|) . the 
fact that V is a viscosity subsolution to (jl.ip follows from [TJ Proposition V.2.11]. The 
regularity V(t) G L 1 (R JV ) n VF 1 ' 0O (R JV ) for t > is a consequence of Lemma [4TT21 and the 
integrability at infinity of T Ptq (see Lemma l2.8p . Also, the concentrating property (|4,2p at 
the origin as i — > follows at once from (|4.36|) since U G 5. It remains to check that V(t) 
vanishes outside the origin as t — > 0. For that purpose, let r > and R > r. Since the 
annulus K(r,R) := {x G R^ : r/2 < \x\ < R} is compact, there is a finite number Z of 
points (yi)i<i<i in R^ such that 

I 

K(r,R)c{jB r/8 ( yi ). (4.39) 

i=l 

We infer from ()4.13p that, for any 1 < i < I, A > 0, t > 0, and u G 5, we have 
u(i,x) < Ae A ^/ 4 * exp ( , x G B r/8 ( yi ). 

\0- yi ,r/i( x ) J 

The above estimate being valid for all u G S we conclude that, for any 1 < i < /, A > 0, 
and t > 0, 

K(t, x) < Ae^-/ 4 * exp f l — - ) , x G B r/8 ( yi ). (4.40) 

V o- w>r / 4 (x)y 

Recalling ([4T39]) . we infer from (|Q5]) and (|Q0|) that, for t > and A > 0, 



F(i,x)dx = / V{t,x)dx+ / F(i,x)dx 
{\x\>r} JK{r,R) J {\x\>R} 

< Ae^^'V/ exp f l_\ dx+ f T m (\x\)dx. 
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Passing first to the limit t — > and then A — > gives 

limsup / V(t,x)dx< / T Ptq (\x\)dx 

t^O J{\x\>r} J{\x\>R} 

for all R > r. Thanks to Lemma [2.81 the right-hand side of the above inequality converges 
to zero as R —> oo, so that V satisfies f)4.3j) and the proof is complete. □ 

We are now in a position to identify V. 

Proposition 4.14. The function V defined in (|4.36|> is a very singular solution in the 
sense of Definition Moreover, it is radially symmetric and has self- similar form, thus 
coinciding with the unique self-similar very singular solution U given by Theorem \4--S\ 

A straightforward consequence of Proposition 14.141 is that S = {U}, which proves Theo- 
rem [T2J 

Proof. It follows from Proposition 14.111 and Lemma 14.131 that there exists a very singular 
solution u to (|l.ip such that 

V(t, x) < u(t, x) for all (t, x) G (0, oo) x R N . 

The definition (|4.36p of V implies that V = u and thus V is the maximal very singular 
solution. The radial symmetry and self-similarity of V then follow from the scaling and 
rotational invariances of (jl.ip . □ 

4.4 A comparison principle 

An interesting consequence of the uniqueness of the very singular solutions to (jl.ljl is the 
following comparison principle for the related elliptic equation 

- A p v + \\7v\ q -av- fiy-Vv = in R N . (4.41) 

Theorem 4.15. Let v\ be a viscosity subsolution and vi be a viscosity supersolution to 
(lOTjl in R N , such that 

v i £L 1 (R N )nW 1 '°°(R N ), Vi>0, Vi^O i = l,2. (4.42) 

Assume that 

Jim / Vi(y)\y\ a ^- N dy = 0, i = 1, 2, and v 2 (y) < T p , q (\y\), y G R N . (4.43) 

R-^OO J{\y\>R} 

Then v\(y) < fu{y) < v 2{y) for all y G R N , where fjj is the profile of the very singular 
solution U to (|l.ip . see Theorem \4-2\ 

Besides its interest in itself, this comparison principle will also be useful to settle the 
asymptotic behavior in Section 

Proof. For i = 1,2, define 

Ui(t,x) := t~ a v i (xt~ 13 ), (t,x)eQ O0 . 
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It is then straightforward to check that u\ is a subsolution and u<i is a supersolution to 
(jl.ip in Qoo- Moreover, we have 

^eC(Qoo) and Ui (t) e L 1 (R N )nW 1 '°°(R N ), t>0, i = 1,2. 

On the one hand, for i = 1,2 and any r > 0, we have 

/ Ui (t,x)dx = t NfS ~ a [ Vi(y)\y\ a ^- N \y\ N - a ^dy 

J{\x\>r} J{\y\>rt-P} 



7{l ?/ |>rt-/5} 

which tends to as t — > by (|4.43|) . On the other hand, since Vi ^ 0, there is tq > 
sufficiently large such that 

/ Vi(y)dy>0, i = 1,2. 

^B, (0) 

Consequently, for t > sufficiently small (t E (0, (r/ro) 1 ^)), we have 

f Ui (t, x) dx = t N ^ a [ Vi (y) dy > t N ^ a [ Vi (y) dy, 

J{\x\<r} J{\y\<rt-?} JB ro (0) 

which tends to +oo as t — > 0, since Nf3 — a < 0. It follows that u\ is a very singular 
subsolution to (jl.ip and U2 is a very singular supersolution to (jl.ip . Furthermore 

n 2 (t,x) = rt 2 (^) < 7 |x|- a ^ = r M (|x|), 

for any (t,x) E Qoo- By Theorem 11.21 Corollary 14. 101 and Proposition 14.111 we obtain 

u\ < U < ii2 in Qoo. 
We reach the conclusion by going back to the original variables. □ 

5 Convergence to self-similarity 

With all the preparations done in the previous sections, we are now ready to prove the 
main result about asymptotic convergence. The proof will be divided into several steps. 

Proof of Theorem \l.l\ Let us first notice that the condition f| 1 . 8 1) implies that R{uq) < oo, 
where R(uq) is defined in (j2.18|) . Moreover, there exists a sufficiently large constant k > 
such that 

u (x) < K\x\~ a/I3 for any x E R N . 

Step 1. Self-similar variables. In a first step, we pass to self-similar variables and 
define the new variables (s,y) and function v by 

u(t,x) =: (l + t)- a v(s,y), s := ln(l + 1), y := x(l + t)~ p . (5.1) 

Then v solves the equation 

d s v- A p v + \Vv\ q -av- PyVv = 0, (s,y)eQoo, (5.2) 
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with initial condition v(0) = uq in 



Step 2. Estimates for v. Starting from the estimates established for u, we can deduce 
estimates for v in similar norms as follows. First, recalling the homogeneity of r M , we 
deduce from (|2.19p that 



v(s,y) = e as u(e s - l,ye? s ) < e as T Pyq (\y\e? s - R(u )) 
< F m (\y\ - R(u )e-P s ) 



(5.3) 



for any (s, y) € Qoo- Then, the estimates (j2.8|) can be easily transformed into the following 
ones for v : 



|v(s)||i + IK*)||oo + ||Vw(s)|| 



< 



s \ a-N/3 



e s - 1 



+ 



+ 



a+0 



K K 
(5.4) 



for any s > In 2 > 0, where K K is the constant in (|2.8p . Finally, the pointwise upper bound 
(IZ23D reads 



y\ a/f3 v(s,y) <C 



sup \u Q (z)\z\ a ^} + \y\ 

\z\>\y\ef B /A L } 



(5.5) 



for {s, y) £ (0, oc) x (R N \ {0}) 



Step 3. Lower bound for v. We infer from \2'2\ Proposition 1.8] that u(t,x) > for 
(t,x) £ Qoo. In particular, u(l,0) > and, since u(l, •) £ C(M N ), there is itlq > such 
that 

u(l,x)>m , x£.Bi(0). (5.6) 

Next, according to the analysis performed in [23] (in particular, Lemma 2.1, Lemma 2.8, 
Lemma 2.10, Proposition 2.11, and Proposition 2.16 therein), there exists a* > such 
that, for a £ (0, a*), the maximal solution g a defined on [0, R m (a)) to the Cauchy problem 



(5.7) 



(5.8) 



(Wa\ p - 2 9' a y(r) + ^-J(|^r^)( r ) + aga (r) + /3r 5 » - = 0, 

r 

I 9a (0) = a, g' a (0) = 0, 
has the following properties: there is R(a) £ (0, R m (a)) such that 

0<g a (r)<a for re[0,R{a)), g a (R(a)) = 0, and g' a {R(a)) < . 
Introducing 

r u r\ - I XP/(2 ~ P) l ~ a 9a (AM*-") if |x| £ [0,i?(a)^/A] , 

for (a, A) € (0, a*) x (0, 1), the properties of g a guarantee that G ai \ £ C(Qoo) and is a sub- 
solution to (jl.ip in Qoo (it can be interpreted locally as the maximum of two subsolutions 
to (|1.1|) in Qoo, namely the zero function and (t,x) i— »• \P/i 2 ~P) t~ a g a (\\x\t~P)). 
Now, we set 



a* _ , n , , 1 (mo 

a ° := Y (°' a *)' *o ; =^^ 



2-p 



, Aq :— R(ao) t , 
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and observe that, if x G ^^ aQ ^/x W = -^i(^)' then (|5.6|) implies that 

ka ,Ao(*o, x) < aoA t — ao I Aoi I c — m < tt^l, xj . 

Since u(l,x) > = G 00)Ao (i , x) if x 5 fl(a )^/A ( )' we have "C 1 ) 37 ) ^ G oo,A (*o,^) for 
all x 6 R N and the comparison principle entails that 

u(t + l,x) > G aoM (t + t , x) , (t, x) G Qoo . 

In particular, for t > and x G B R{ao ^ t+to)B /X(j (0), 

u(t + l,x) > A^ /(2 - p) (t + t r Q ffao(AoN(i + io)^) • 
In terms of v, the previous lower bound reads 

for s > In 2 and |y| < (i?(a )/A )((e s - 2 + t )e _s ) /3 . 

Step 4. Half-relaxed limits. To complete the proof of the convergence, we introduce 
the half-relaxed limits [2J, in a similar way as it has been previously used in papers on 
large-time behavior, see |24[ [32] for instance. We thus define 

w*(s, y) : = liminf v( — ,z), w*(s,y): = limsup v( — ,zj 

(cr,z,e)->(s,y,0) \£ J (a,z,s)^-(s,y,0) ^ e ' 

for (s,y) G Qoo- It is a standard fact that w* and w* do not depend on s > 0, so that we 
can define 

w*(y) ■= w*(l,y) = u>*(s,y), w*(y) ■= w*(l,y) = w*{s,y), s>0. 

In addition, it follows from [2j Theoreme 4.1] that w* is a viscosity supersolution and w* 
is a viscosity subsolution to the stationary equation associated to (|5.2|) . that is, the elliptic 
equation (|4.4ip . Moreover, the definition of w* and w* and (|5.9|) ensure that 

w*<w* in and A^ /(2 ~ p) g ao (A |y|) < for 1/ 6B fi(oo)Ao (0). (5.10) 

An obvious consequence of (|5.8p and (|5.10p is that «;* and u>* are both not identically 
equal to zero. 

Our aim now is to show that w* = w* with the help of Theorem 14.151 In order to apply it, 
we translate the estimates for v in Step 2 above into estimates for w* and w* . We readily 
notice that (|5.3p implies 

w*(y) < w*(y) < r p>g (\y\), for any y G R N , (5.11) 

and that (|5.4p implies that 

w*(y)<w*(y)<6K K , \\Vw*\\ < 6K K , \\Vw*\\ < 6K K , y G R N , (5.12) 
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whence w* and w* belong to the space L 1 (R N ) n W 1,00 (R N ). In addition, taking into 
account the condition ()1.8|) on uq, we deduce from (|5.5p that 



Mv) <w*(y) < C|y|-( Q+1 )^, y£ 



Consequently, 



{|y|>»-} 



-V^-i d8 = c r - 1 ^, 



(5.13) 



which converges to as r — >• oo. Gathering ()5.10p . ()5.1ip . (|5. 12|) . and (|5.13j) . we are in a 
position to apply Theorem 14.151 and conclude that w* < fjj < w* in M. N . 
Recalling (|5.10p . we have established that w* = w* = fjj, which in turn implies that 



lim sup 



My) 







for any compact subset K of M. N by [Tj Lemma V.1.9] or [2 Lemme 4.1]. Owing to (|5.3p 
and the decay of fjj as \x\ — > oo (see Theorem I4.2p . the above convergence can be improved 



to the convergence ofv(s) to fu in L°°(R ) as s — > oo. Going back to the original variables 
gives (jl.9p and ends the proof. □ 
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